The numerical study indicates that there exists a relation between the quasinormal modes and the Davies point for a black hole. In this paper, we analytically study this relation for the charged Reissner-Nordström black holes in asymptotically flat and dS spacetimes. In the eikonal limit, the angular velocity Ω and the Lyapunov exponent λ of the photon sphere, respectively, corresponding to the real and imaginary parts of the quasinormal modes are obtained from the null geodesics.
II. NULL GEODESICS AND PHOTON SPHERE
In d(≥ 4)-dimensional, static, and spherically symmetric spacetime, a black hole can be described by the following metric
where dΩ 2 (d−2) is the line element on a unit (d−2)-dimensional sphere S (d−2) . The usual angular coordinates θ i ∈ [0, π] (i = 1, · · · , d − 3) and φ ∈ [0, 2π]. The metric function f (r) depends on the radial coordinate r and other black hole parameters, such as the mass and charge.
Next, we would like to study the motion of a free photon in the black hole background. Since the spactime we focus on is spherically symmetric, without loss of generality, one can consider the motion limited in the equatorial hyperplane (θ i = π 2 for i = 1, · · · , d − 3). Then the Lagrangian for a photon reads 2L = −f (r)ṫ 2 +ṙ 2 /f (r) + r 2φ2 .
The dot over a symbol denotes the ordinary differentiation with respect to an affine parameter. With the help of this Lagrangian, the generalized momentum defined by p µ = ∂L ∂ẋ µ = g µνẋ ν has the following form
p r =ṙ/f (r). (5) For this spacetime, there are two Killing fields ∂ t and ∂ φ . Thus there are two conservation constants E and l corresponded to each geodesics, which, in fact, are the energy and orbital angular momentum of the photon, respectively. The t-motion and φ-motion can be easily obtained by solving Eqs. (3) and (4),
The Hamiltonian for this system reads 2H = 2(p µẋ µ − L)
= −f (r)ṫ 2 +ṙ 2 /f (r) + r 2φ2 = −Eṫ + lφ +ṙ 2 /f (r) = 0.
Using the t-motion and φ-motion, it is easy to get the radial r-motion, which can be expressed in the following forṁ
where the effective potential is
Sinceṙ 2 >0, the photon is only allowed to appear at the region of negative potential. For a photon coming from infinity, it will fall into the black hole if it has low angular momentum. While for the larger angular momentum case, it will be bounded back to infinity when it meets a turning point determined by V eff = 0. Among these two cases, there exists a critical case that the photon traveling from infinity plunges into a circular orbit and will orbit the black hole one loop by one loop. Nevertheless, such orbit is unstable. Due to the spherically symmetry of the spacetime, such circular orbit is a sphere and known as the photon sphere. The conditions to determine this photon sphere are
The first two conditions can determine the radius r ps and the critical angular momentum l ps of the photon sphere. The third one guarantees that the photon sphere is unstable. Substituting the effective potential (10) into the second condition, we obtain the equation that the radius r ps must satisfy 2f (r ps ) − r ps ∂ r f (r ps ) = 0.
For a given metric function f (r), we can obtain r ps by solving it. Then from the first condition, the critical angular momentum can be obtained as
The third condition is also closely linked to the QNMs of the black hole. Without loss of generality, we set E=1.
Now, let us turn to the QNMs. In the eikonal limit (l 1), the QNMs ω Q can be calculated with the property of the photon sphere [19, 27, 28] 
where n and l are, respectively, the number of the overtone and the angular momentum of the perturbation. The other two quantities Ω and λ are the angular velocity and Lyapunov exponent of the photon sphere, which can be parametrized by the null geodesics
Note that V eff < 0, the term under the square root is positive. In the background of (1), these two quantities can be expressed as
where we have used (12) . For a given metric function, one can easily obtain Ω and λ. Taking Schwarzschild black hole as an example, we have r ps = 3M and l ps = 3 √ 3M , which gives Ω = 1/3 √ 3M and λ = 1/3 √ 3M . Although this method is effective for large l, it is still accurate for some cases with small l [29, 30] .
Following Refs. [19, 31] , we would like to give a brief review on the effective application of the above treatment. It is well known that, in the eikonal limit, the scalar, electromagnetic and gravitational perturbations in the background (1) have the same behavior, so we take the scalar perturbation as an example. It obeys the Klein-Gordon equation. Taking a separate method, the radial partial wave function Φ l (r) satisfies the Regge-Wheeler equation
where the convenient "tortoise" coordinate r * ranges from −∞ to +∞. The potential V l (r) reads
where ω is the frequency of the perturbation and can be corresponded to the energy E = ω of the perturbation particle. In the eikonal limit l 1, the second and third terms in the right hand side of (18) can be ignored, and l(l + d − 3) ≈ l 2 , thus the potential reduces to
It is obvious that these two potentials (10) and (19) are the same, as well as the equation of motion. Therefore, it is reasonable to obtain the QNMs following the null geodesics method. One thing worth to note is that this method cannot be extended to asymptotically AdS spacetime.
III. FOUR-DIMENSIONAL CHARGED REISSNER-NORDSTRÖM BLACK HOLES

A. Thermodynamics and Davies point
The four-dimensional charged RN black hole solution is given by the metric (1) with the following function
The parameters M and Q are the mass and charge of the black hole. Solving f (r) = 0, one can easily get the outer and inner horizons of the black hole, which are located at The entropy and temperature corresponding to the event horizon are
The heat capacity at a fixed charge is
We plot the heat capacity C Q in Fig. 1 . It is clearly that for mall charge case, C Q is negative just like the Schwarzschild black hole, indicating that the black hole is thermodynamic unstable. While for the large charge case, C Q becomes positive and the black hole is thermodynamic stable. Among these two cases, the heat capacity diverges at
which is called the Davies point. It was shown by Davies [6] [7] [8] that this divergence point measures a phase transition of the black hole between the thermodynamic unstable and stable phases.
B. Quasinormal modes and Davies point
In Ref. [13] , Jing and Pan explored the Davies point by making use of the QNMs. They proposed that when a black hole passes through this phase transition point, the behavior of the QNMs in the complex ω Q plane starts to have a spiral-like shape, and both the real and imaginary parts of the QNMs for a given overtone number and angular quantum number beyond the critical values become the oscillatory functions of the black hole charge. This provides an interesting dynamic probe to the thermodynamic phase transition. However, in Ref. [19] , Cardoso et al. argued that this result is probably a numerical coincidence. Nevertheless, this relation between the thermodynamic and dynamical properties of black holes was further confirmed in Ref. [15] . In the following, we would like to analytically examine this relation in detail.
As shown in Ref. [13] , the relation only holds for large overtone number. In our approach, we work in the eikonal limit, n ∼ l 1, and thus this condition is naturally satisfied. For the charged black hole, the radius of the photon sphere can be obtained by solving (12)
For the case of Q = 0, we have r ps = 3M for the Schwarzschild black hole. And for the extremal charged black hole Q = M , the photon sphere will locate at r = 2M . Plugging r ps into (16), we obtain the angular velocity and Lyapunov exponent of the photon sphere
In the small charge limit, we have
It was shown in Ref. [19] that the spiral-like shape exists in the complex ω Q plane when the Davies point is passed by. Here we would like to examine this result. It is convenient to show it in the Ω-λ plane. The result is given in Fig. 2 . Obviously, with the increase of the charge Q, there will appear the spiral-like shape at a certain value of Q. For clarity, we plot the angular velocity Ω (top red line) and Lyapunov exponent λ (bottom blue line) as a function of the charge Q in Fig. 3 . Interestingly, Ω is a monotonically increasing function of Q. However, λ first slowly increases with the charge, and approaches its maximum at a certain value of Q, then it decreases. So no oscillatory exists for Ω or λ, which is different from that of Ref. [13] . Moreover, the spiral-like shape in the Ω-λ plane is resulted by the nonmonotonic behavior of λ. The starting point of the spiral-like shape corresponds to the maximum of λ. After a simple calculation, we find the point is
So the starting point of the spiral-like shape is smaller than the Davies point given in (25) . The deviation between them is about 16%. In summary, for the charged RN black hole, the Davies point and the starting point of the spiral-like shape are not the same. So the relation proposed in Ref. [13] is not a precise one between the thermodynamics and dynamics of the black hole. Nevertheless, the spiral-like shape can reflect the existence of the thermodynamic phase transition or Davies point. Moreover, we note that the black hole with charge Q S (31) is characterized by the fastest relaxation rate among all the charged RN black holes [32] . 
C. New relation
As shown above, the relation given in Ref. [13] is an approximate one. Here, we would like to examine whether a new precise relation exists.
Motivated by our recent work [23, 24] , where we showed that there exists a relation between the black hole's null geodesics and the thermodynamic phase transition of liquid/gas type in AdS spacetime. We expect to apply it to the charged RN black hole to probe the relation between null geodesics and the Davies point.
From (26), we can express the black hole mass with the radius of the photon sphere
Substituting it into (23), the temperature will be of the form
In terms of r ps and Q, the angular velocity and the Lyapunov exponent are
In Fig. 4 , we plot the temperature T as a function of Ω and λ, respectively. From Figs. 4(a) and 4(b), we find that the behavior of the temperature is similar. At first it increases with Ω or λ. After its maximum is approached, it will decrease. So there are two different black hole phases bounded by the maximum of the temperature. At the maximum of the temperature, the parameters have values
Correspondingly, the radius of the photon sphere for this case is
Finally, with the help of (26), we get the point corresponding to the maximum of the temperature
Obviously, this point exactly matches the Davies point (25), where the heat capacity diverges. In summary, we find a new relation between the black hole thermodynamics and dynamics. The phase transition point or Davies point is exactly located at the maximum in the T -Ω or T -λ plane. This may provide us a new dynamic way to precisely probe the Davies point. 
IV. HIGHER DIMENSIONAL CHARGED REISSNER-NORDSTRÖM BLACK HOLES
For the d-dimensional charged black hole, the line element is just in the same form of (1) while with the metric function given by
The parameters m and q are linked to the black hole mass M and charge Q as
where
is the area of the unit (d-2) sphere. The horizons located at the roots of f (r) = 0
Similar to the four-dimensional case, the higher dimensional black hole has two horizons for q/m < 1 2 , one horizon for q/m = 1 2 , or no horizon for q/m > 1 2 . The temperature and entropy corresponding to the outer horizon are
The heat capacity at fixed charge Q is
The behavior of this heat capapcity is similar to the four-dimensional black hole case. For small charge, C Q is negative, while for large charge, C Q becomes positive. Moreover, C Q diverges at
We list the Davies point in Table I for d=5-10.
Solving (12), we can get the radius of the photon sphere 
In Fig. 5 , we show the angular velocity and Lyapunov exponent in the Ω-λ plane for the spacetime dimension d=5-10, respectively. Different from the d=4 case, there are no the spiral-like shapes for higher dimensional black hole cases, and the angular velocity Ω is just a monotone decreasing function of λ. In order to further understand this result, the behaviors of the angular velocity and Lyapunov exponent are presented in Fig. 6 as functions of the black hole charge. Obviously, Ω increases while λ decreases with the charge Q. Both them are monotonic functions of the charge Q. So the spiral-like shape does not exist for the higher dimensional charged black holes. On the other hand, we note that in Ref. [15] , the authors found that, for the five-dimensional charged Kaluza-Klein black hole with squashed horizons, the QNMs demonstrate the spiral-like shapes near the Davies point, which may be caused by the non-vanishing Kaluza-Klein parameters.
In the above section, we present a new relation between the black hole thermodynamics and dynamics for the fourdimensional spacetime. The temperature has a maximum value in the T -Ω or T -λ plane, and the maximum point is found to be corresponded to the Davies point. Here we wonder whether this property holds for higher dimensional spacetime. To answer this question, we describe the temperature T as a function of Ω and λ, respectively, in Fig. 7 . Interestingly, similar to the four-dimensional case, there also exhibit maximum values for the temperature in both the figures for d=5-10. Using this maximum values of the temperature, we can obtain the corresponding charge Q M . We list the parameter values corresponding to the maximum values of the temperature in Table I 
V. CHARGED REISSNER-NORDSTRÖM DS BLACK HOLES
Recently, there is a great interest focusing on the strong cosmic censorship in dS spacetime [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . Many works showed that this censorship may be violated for the charged RN-dS black hole by calculating the QNMs of different types of perturbations. In particular, in Ref. [33] , the authors divided the QNMs for the charged RN-dS black hole into three families: the photon sphere modes, dS modes, and near-extremal modes. Therefore, it is very interesting to examine the relation presented in above section by calculating the angular velocity and the Lyapunov exponent of the photon sphere modes.
Here we only consider the four-dimensional spacetime. The charged RN-dS black hole solution is also described by the metric (1) while with the function
Here, the parameter Λ is the cosmological constant, which is positive for the dS spacetime. For this case, there exists a cosmological horizon outer the event horizon, and both them can be obtained by solving f (r) = 0. Moreover, we can express the mass M with the radius r + of the event horizon
The black hole entropy corresponding to the event horizon is still a quarter of its area S = A/4 = πr 2 + . Thus, the mass can be further expressed as
Similarly, the temperature of the event horizon is
The heat capacity at fixed charge Q and cosmological Λ is
Note that C Q,Λ exactly vanishes at T =0, which corresponds to the extremal black hole case. It diverges at the point where its denominator vanishes, i.e.,
This is just the Davies point. Plugging it into Eq. (52), we can find another form of the Davies point
or
Obviously, when the cosmological constant Λ → 0, this result will reduce back to that of the RN black hole case (25) . It is worthwhile noting that this Davies point (57) is different from that given in [8] , where the coefficient of the second term in the right side of the corresponding equation is 81 16 but not 27 16 . The reason is that Davies made a change Λ → 3Λ. So both results are consistent with each other. Now let us turn to the null geodesics for the charged dS black hole. By solving (12) , we obtain the radius of the photon sphere,
Interestingly, this result is just the form (26) for the asymptotically flat case without the cosmological constant.
The reason of this is not hard to understand. From (10), we can find that the cosmological constant Λ term only comes to the effective potential as a constant. The photon sphere is obtained by solving ∂ r V eff = 0, so after the derivation, the effect of Λ in the metric function f (r) disappears, which leads to the same form of the photon sphere as the asymptotically flat case. Nevertheless, one needs keep in mind that the mass M here indeed depends on the cosmological constant, see Eq. (52). Adopting the form (58), we can further obtain the angular velocity and the Lyapunov exponent,
We plot the behavior of the angular velocity and Lyapunov exponent in the Ω-λ plane for ΛM 2 =0.01, 0.05, and 0.1 in Fig. 8 . For fixed ΛM 2 , it is obvious that there exist spiral-like shapes in this plane, which is similar to the asymptotically flat case. The existence of the spiral-like shapes is also the nonmonotonic behavior of λ rather Ω. For clarity, we show them in Fig. 9 . The values of the charge at the starting point of the spiral-like shapes for ΛM 2 =0.01, 0.05, and 0.1 are Q S /M =0.7684, 0.8862, and 0.9716, which are different from the Davies points Q D /M =0.8757, 0.9134, and 0.9585. Therefore, the result clearly shows that the starting points of the spiral-like shapes and the Davies points do not match each other. In Fig. 10 , we describe the behavior of the temperature as a function of Ω and λ, respectively. From it, there is a local maximum for each fixed ΛQ 2 . With the increase of ΛQ 2 , the maximum decreases and is shifted to small value of Ω or λ. Moreover, the values for different parameters corresponding to the maximum of the temperature are listed in Table II . It is clear that the Davies point and starting point of the spiral-like shape are not consistent with each other. For small Λ, Q S is smaller than Q D . However, with the increase of Λ, Q S increases faster than Q D . For example, for ΛQ 2 = 0.1, Q S will be larger than Q D . On the other hand, the value of the charge Q M corresponding to the maximum exactly coincides with the Davies point Q D given in (57). Therefore, this further confirms our new relation between the black hole thermodynamics and dynamics shown in Sec. III C. In summary, this conjecture is not only effective for the asymptotically flat spacetime, but also for the asymptotically dS spacetime. 
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we devoted to explore the relation between the spiral-like shape of the QNMs and Davies point, where a phase transition takes place between a thermodynamic stable phase and an unstable phase.
First, we gave a brief view on the link between the QNMs and the photon sphere. In the eikonal limit, this link is thought to be very accurate. This gives us a possible way to obtain the QNMs for the black hole from the side of the photon sphere. Then the angular velocity and the Lyapunov exponent, respectively, corresponding to the real part and imaginary part of the QNMs, are parameterized by the parameter of the black hole photon sphere. This study is analytic or exact for the charged RN black hole and RN-dS black hole in four or higher dimensional spacetime. So it can exactly confirm the relation that we expect.
For the four-dimensional charged RN black hole, there exhibits a simple spiral-like behavior in the Ω-λ plane. The reason for this is because that the Lyapunov exponent λ has a maximum as the black hole charge Q changes. While the angular velocity Ω is just a monotonic increasing function of the black hole charge. This result is very different from the numerical results given in Ref. [13] , where both Ω and λ are non-monotonic functions of the charge, and this will lead to an explicit spiral-like behavior in the Ω-λ plane. Nevertheless, the authors claimed that the Davies point is linked to the starting point of this spiral-like shape. Their numerical result states that the difference between these two points is very small indicating a correspondence exists. We also analytically examined this issue in detail. The result shows that the starting point of the spiral-like shape is Q S = √ 51−3 √ 33 8 M ≈ 0.7264M , which has about 16% deviation from the Davies point Q D = √ 3 2 ≈ 0.8660M . Therefore, the Davies point and the starting point of the spiral-like shape are not exactly coincide. However, we further investigated the behavior of the black hole temperature as a function of the angular velocity and Lyapunov exponent. The temperature in both the figures clearly demonstrates the local maximum. More interestingly, the local maximum analytically coincides with the Davies point. This indicates that there is a relation between the Davies point and the maximum of the temperature in the T -Ω and T -λ planes. Since both Ω and λ correspond to the QNMs of the black hole, this relation may provide an exact correspondence between the black hole thermodynamics and dynamics.
We also extended our investigation to the higher dimensional spacetime. One interesting result different from the four-dimensional case is that, in the Ω-λ plane, there does not exist the spiral-like shape. So the relation between the Davies point and the behavior of the spiral-like shape is completely lost. Fortunately, the relation we proposed between the Davies point and the maximum of the temperature in the T -Ω and T -λ planes still holds for the higher dimensional charged black holes.
Moreover, we also applied the study to the charged RN black hole in the dS spacetime, and the results are similar to the asymptotically flat spacetime. The Davies point, the starting point of the spiral-like shape, and the maximum of the temperature in the T -Ω and T -λ planes are all found to increase with the cosmological constant. As expected, the Davies point and the starting point of the spiral-like shape does not coincide with each other. While the Davies point exactly coincides with the maximum of the temperature, which further confirms our new relation even in the dS spacetime.
Before ending this paper, we would like to give a few comments. First, at least in the eikonal limit, there is no exact relation between the Davies point and the spiral-like shape of the QNMs. Second, there is a non-trivial and exact relation between the Davies point and the maximum of the temperature in the T -Ω and T -λ planes. Moreover, some other relations between the thermodynamics and dynamics are worth to be explored. With the further direct observation of the gravitational waves by LIGO and Virgo collaborations, it may provide us a possible way to test the black hole thermodynamics through these relations.
